A REMARK ON THE CODIMENSION OF THE 
GREEN-GRIFFITHS LOCUS OF GENERIC PROJECTIVE 
HYPERSURFACES OF HIGH DEGREE 
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Abstract. We show that for every smooth generic projective hyper- 
surface X C P"^^, there exists a proper subvariety Y C. X such that 
codimx Y > 2 and for every non constant holomorphic entire map 
/: C X one has /(C) C F, provided degX > In particu- 

lar, we obtain an effective confirmation of the Kobayashi conjecture for 
threefolds in P*. 



1. INTRODUCTION 

Let X be a compact complex manifold endowed with an ample line bun- 
dle A ^ X and consider the fc-th projectivized jet bundle vro^fc : — >■ X 
as introduced in [1]. Denote Ox^ifn) — > X^ the m-th power of the anti- 
tautological line bundle and consider all the base loci of their twisting with 
tTq j^,0(— ^): call their intersection as m > vary. 

Following [Ij, we call 

GG{X) = fl TioABk) C X 

the Green- Griffiths locus of X. It is well known [HHnillS], that this locus 
must contain the image of any nonconstant holomorphic entire map from C 
to X. 

In the recent paper [8], the Green- Griffiths locus is studied for X a generic 
smooth projective hypersurface of high (effective, grater than or equal to 2" , 
where dim(X) = n) degree and it is shown that this is a proper subvariety. 

In the same setting, we exclude here the possibility for GG{X) to have 
divisorial components. 

Theorem. Let X C P"+^ be a generic smooth projective hypersurface of 
degree degX > 2"^. Then, the Green- Griffiths locus GG{X) C X is a 
proper subvariety of codimension at least two. 

The proof goes along the same lines of [8j, but with a slightly different 
point of view. We recall here briefly that to show the positivity of the codi- 
mension of the Green-Griffiths locus, use a first invariant jet differential of 
order n and high weighted degree — the existence of which is shown in [7] — 
and then, following the strategy indicated in [18j, by differentiating with 
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the meromorphic vector fields constructed in [13j . tliey are able to produce 
new, algebraically independent jet differentials in order to show the aforesaid 
positivity of the codimension of the Green- Griffiths locus. A posteriori, this 
locus Y coincides with the zero locus of the first jet differential, seen as a 
section of a vector bundle on X, and nothing more is said in [8j since there is 
no control of its singularity in order to bound the number of differentiation 
needed to reduce it. Here, thanks to a general and very simple remark on 
the zero locus of holomorphic sections of vector bundles, we show that to be 
able to exclude divisorial components in the zero locus, it is not crucial to 
know its singularities (see Section [2] for the details). However we feel that 
this slightly different approach is specific for the codimension one, and prob- 
ably a substantial refinement is needed to increase more the codimension (a 
straightforward blow-up approach, for example, seems to be not enough). 

The Kobayashi conjecture [11], states that every generic projective hy- 
persurface X C P'^^^ is Kobayashi hyperbolic provided degX > 2n + 1. 
Thanks to a classical lemma due to Brody, this is equivalent for X to admit 
only holomorphic constant maps from C. A solution to this conjecture has 
been proposed in [18], while the conjecture is solved in [5 lll2pi4] for the case 
of (very) generic surface in projective 3-space with effective bounds given 
respectively by degX > 36, 21, 18. As a consequence of the above theorem, 
we obtain — thanks to a result contained in [2] — an effective confirmation 
of this conjecture for threefolds in projective 4-space. 

Corollary. Let X CF'^ be a (very) generic smooth hyper surf ace. If degX > 
593, then X is Kobayashi hyperbolic. 

This result is an improvement of the corresponding statement contained 
in |17j where, with the same effective bound, it is shown that entire curves 
cannot be Zariski dense. 

For survey material, notations and background we refer all along this 
paper to [IKIOKIH]. 

2. Proof of the theorem 

Let Ek^mTx X he the vector bundle of invariant jet differentials of 
order k and weighted degree m over the complex manifold X. It is shown 
in [71[8] that, whenever X C P"'+^ is a smooth projective hypersurface of 
large degree, for every q > 0, the space of global section H^{X,En,mTx ® 
Oxi—mq)) is nonzero, provided degX and m are large enough. This is the 
starting point of algebraic degeneracy in [8]. 

2.1. The proof of algebraic degeneracy of [8j. Here, we outline how 
the proof of algebraic degeneracy of [8] works. 

Start with a nonzero section P G H^{X, En,mTx ^5 ^xi—mq)), for some 
m ^ 0, where X C P"-+^ is a smooth generic projective hypersurface of 
degree d large enough (in order to have such a section). Call 

Y = {P = 0} CX 

the zero locus of such a nonzero section. Look at P as an invariant (under 
the action of the group G„ of n-jets of biholomorphic changes of parameter 
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of (C, 0)) map 

JnTx^P*Ox{-mq) 

where p: JnTx ^ ^ is the space of n-jets of germs of holomorphic curves 
/: (C, 0) X. Then P is a weighted homogeneous polynomial in the jet 
variables of degree m with coefficients holomorphic functions of the coordi- 
nates of X and values in p*Oxi—'mq). 

Suppose for a moment that we have enough global holomorphic G„- 
invariant vector fields on JnTx with values in the pull-back from X of some 
ample divisor in order to generate Tj^Tx at least over the dense 

open set Jlt^Tx of regular n-jets, i.e. of n-jets with nonvanishing first de- 
rivative. 

If / : C ^ X is an entire curve, consider its lifting jnif) ■ C — )• JnTx and 

suppose that jn(/)(C) C J^'^^Tx =^ JnTx\Jn^Tx (otherwise / is constant). 
Arguing by contradiction, let /(C) C Y and xq = /(to) & X \ Y. Thus, 
one can produce, by differentiating at most m times, a new invariant n-jet 
differential Q of weighted degree m with values in Ox (w-^ — mq) such that 
Q(jn(/)(to)) 7^ 0, thus contradicting the well-known results based on the 
Ahlfors-Schwartz lemma contained in [UlIO] (see also [IH]), provided q > i, 
i.e. provided Q is still with value in an antiample divisor. 

Unfortunately, in general we don't know if one can hope for such a global 
generation statement for meromorphic vector fields of JnTx which would 
bring to a confirmation of the Green- Griffiths conjecture for all smooth 
projective hypersurfaces of high degree and not only for the generic one. 
Thus, as in [8l[lll[T71[T8] , one has to use "slanted vector fields" in order to 
gain some positivity. 

Consider the universal hypersurface X C x P(ii'°(P''+\ 0(d))) of 

degree d in P'^"'"^. Next, consider the subbundle V C Tx given by the ker- 
nel of the differential of the second projection. If s G P(i7°(P"+\ 0(d))) 
parametrizes any smooth hypersurface Xg, then one has 

H\Xs,En,^T*x^ OxA-mq)) ^ i/°(X„ ^„,^V* $D prt0(-mg)|xj. 

Suppose X = Xq corresponds to the parameter G P(ii'°(P'^+^, 0(d))). 
Since we have chosen X to be generic, standard semicontinuity arguments 
show that there exists an open neighborhood U 3 Q such that the restriction 
morphism 

H\w2HU),En,mT ®vA'^{-mq)) ^ H\XQ,En,mT*x, ® Ox,{-mq)) 

is surjective. Therefore the "first" jet differential may be extended to a 
neighborhood of the starting hypersurface, and one can use the following 
global generation statement. 

Theorem ( [13j, compare also with [18j). The twisted tangent bundle 

Tj„v (S) pvlOin"^ + 2n) pr^O(l) 

is generated over J^^V by its global sections. Moreover, one can choose such 
generating global sections to be invariant under the action of G„ on Jn^- 

Thus, by replacing £hy n'^ + 2n in our previous discussion and by remov- 
ing the hyperplane which corresponds to the poles given by pr20(l) in the 
parameter space, one gets the desired result of algebraic degeneracy. 



4 



SIMONE DIVERIO AND STEFANO TRAPANI 



Observe that no information is known about the multiphcity of the sub- 
variety Y, thus we are not able to bound a priori the number of derivative 
needed in order to reduce the vanishing locus of the first jet differential. 

Finally, remark that as a byproduct of the proof we obtain also that the 
degeneracy proper subvarieties Y form in fact a family and deform together 
with the hypersurfaces. 

2.2. Remark on the codimension of the Green-GrifRths locus. The 

starting point is the following general, straightforward remark. Let E ^ X 
be a holomorphic vector bundle over a compact complex manifold X and let 
a G H^{X, E) 7^ 0; then, up to twisting by the dual of an effective divisor, 
one can suppose that the zero locus of a has no divisorial components. This 
is easily seen, for let D be the divisorial (and effective) part of the zero locus 
of a and twist E by Ox{—D). Then, a is also a holomorphic section of 
H^{X,E (g) Ox{—D)) and seen as a section of this new bundle, it vanishes 
on no codimension 1 subvariety of X. 

Now, we use this simple remark in our case, the vector bundle E being 
here En^mTx ® "i*?)- If dimX = 2 and X is very generic or dimX > 3 
and X is smooth, then the Picard group Pic(X) of X is equal to Z. Thus, 
in these cases, the corresponding Ox{—D) is antiample and, in fact, it is 
^x{—h) for some positive integral h. After all, we have shown that in 
the prove of 0, one can suppose that the "first" invariant jet differential 
vanishes at most on a codimension 2 subvariety of X, provided one looks at 
it as a section of H'^{En,mTx <8) Ox{-mq - h)). 

The condition q> d. which has to be fulfilled in order to use the meromor- 
phic vector fields with low pole order is replaced now by g + Zi/m > which 
is obviously still satisfied. Thus, nothing change in the effective estimates 
of [8j, and they apply directly even after this remark. 

Observe, finally, that even if the antiample line bundle which is used in [8] 
to twist the bundle of invariant jet differentials was K^^"^ for some small 
rational 5 > 0, instead of Ox{—itt-q), this does not affects the reasoning nor 
the estimates, the Picard group of X being Z. Thus, after all, the use of 
Oxi—iTT-Q) is just a notational difference. 

3. Proof of the corollary 

Let X C be a smooth generic 3-fold in the projective 4-space. To 
get the considerably better lower bound degX > 593, we adopt here the 
same methods contained in [T7], together with the study of the algebra of 
Demailly-Semple invariants of |15tll6j in order to obtain global section of 
invariant 3-jet differentials. 

We recall that in [17], the result about non-denseness of entire curves is 
obtained by the following dichotomy: either the non constant entire curve 
has its first three derivatives linearly dependent or it has to be contained in 
the zero locus of a section of the bundle of invariant 3-jet differentials. This 
dichotomy comes from a weaker form of the global generation statement of 
Theorem 12.11 contained in [T7], which gives better pole order and suffices for 
our purposes in dimension 3. 
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In the first case, it is stated there that then the entire curve must He in 
a hyperplane section of the 3-fold, while in the second case it is obviously 
algebraic degenerate. 

Lemma. Let / : C — )• be a holomorphic map. 

then /(C) lies inside a codimension N — k -\- 1 affine linear suhspace. 

Proof. Without loss of generality, we can suppose k > 1, /' A /" A • • • A 
/(fc-i) ^ 0, /'(O) ^ and (/' A /" A • • • A /('=-^))(0) / 0. Then there exists 
an open neighborhood C C of such that for each t E we have a linear 
combination 

k-l 

/W(t) = ^A,(t)/(^-)(t) 

and the Aj's depend holomorphically on t. By taking derivatives, one sees 
inductively that, in Q, every is a linear combination of the /^-'•''s, 

1 ^ J ^ k — 1. Thus, all the derivatives in of / lie in the linear space 
generated by /'(O), . . . , /'■'^"^^(O). The conclusion follows by expanding / in 
power series at 0. □ 

This lemma shows that, if we are in the first case, then in fact the image of 
the entire curve lies in a codimension two subvariety of X (the intersection 
of X with a codimension two linear subspace of P^), provided X is generic. 

By the result of the previous section, even in the second case the image 
of the entire curve must lie in a codimension two subvariety of X. 

This means that the Zariski closure of the image of a nonconstant entire 
curve, if any, must be an algebraic curve in X. Then, such an algebraic curve 
must be rational or elliptic. But this contradicts the following classical result 
by Clemens, provided X is very generic: 

Theorem ( [2J). Let X C P"+-^ be a smooth (very) generic hypersurface. 
Then X contains no rational curves (resp. elliptic curves) provided degX > 
2n (resp. 2n + 1). 

4. A QUESTION ABOUT THE POSITIVITY OF Ek^mTx 

In [3], O. Debarre made the following 

Conjecture. The cotangent bundle of the intersection inP^ of at least n/2 
general hypersurfaces of sufficiently high degree is ample. 

It is well known that the ampleness of the cotangent bundle implies the 
hyperbolicity of the manifold. In this sense, this conjecture can also be seen 
as a conjecture on hyperbolicity of generic complete intersection of high 
degree and codimension. 

More generally, one can look at the bundles of invariant jet differentials 
Ek,'mTx ^ possible generalization to higher order of symmetric differen- 
tials: recall that one has in fact that Ei^mTx ~ S^Tx- shown in [3] 
that if Ef^^mTx ~^ is ample for some k, then X is Kobayashi hyperbolic. 

On the other hand, by a result obtained by the first named author in [B], 
one has the vanishing 

H^{X, Ek^mTx) = 0, < A: < dim(X)/ codim(X), 
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for X C P" a smooth complete intersection. 

Thus, the conjecture of O. Debarre says in particular that, for X a com- 
plete intersection of high degree, as soon as the codimension becomes big 
enough to avoid the vanishing theorem above, one immediately has ample- 
ness, provided X is sufficiently generic. 

In the same vein, it is tempting to propose here the following generaliza- 
tion: 

Conjecture. Let X C F"^ be the intersection of at least n/{k + 1) (very) 
general hypersurfaces of sufficiently high degree. Then, E^^u^r^ X is 
ample and therefore X is hyperbolic. 

We would like to conclude by mentioning that for the case k = 1, that is 
the original one by O. Debarre, it has been verified by D. Brotbek [T] — as an 
evidence toward the conjecture — that all polynomials in the Chern classes 
of the cotangent bundle of such complete intersections that are positive 
whenever the bundle is ample (see j9]), are in fact positive. 
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